Characterizing high-dimensional entangled states is of crucial importance in quantum information science and technology. Recent theoretical progress has been made to extend the Hardy's paradox into a general scenario with multisetting multidimensional systems, which can surpass the bound limited by the original version. Hitherto, no experimental verification has been conducted to verify such a Hardy's paradox, as most of previous experimental efforts were restricted to two-dimensional systems. Here, based on two-photon high-dimensional orbital angular momentum (OAM) entanglement, we report the first experiment to demonstrate the Hardy's paradox for multiple settings and multiple outcomes. We demonstrate the paradox for two-setting higher-dimensional OAM subspaces up to d = 7, which reveals that the nonlocal events increase with the dimension. Furthermore, we showcase the nonlocality with an experimentally recording probability of 36.77% for five-setting three-dimensional OAM subspace via entanglement concentration, and thus showing a sharper contradiction between quantum mechanics and classical theory.
I. INTRODUCTION
In 1935 Einstein, Podolsky, and Rosen (EPR) raised a famous paradox concerning the completeness of quantum mechanics [1] . In 1964 Bell formulated the Bell's inequality to resolve the EPR paradox, which stated that the results of quantum theory could not be reproduced with a classical, deterministic local model based on "elements of reality " [2] . Since then, numerous experiments have been performed to demonstrate the violation of Bell inequalities [3] . An unsatisfactory feature in the derivation of Bell inequalities is that it applies only to statistical measurement procedures. In 1990s Hardy presented another logic paradox challenging the idea of locality and hidden variables [4, 5] , which represented an attempt to demonstrate nonlocality without inequalities, and, as such, Mermin referred to it as "the best version of Bell's theore" [6] . Hereafter, a variety of versions of Hardy's paradox have been reported to increase the probability for demonstrating "nonlocality without inequalities". Boschi and co-workers developed the ladder version of Hardy's paradox for two spin-1/2 particles, significantly increasing the probability of the nonlocal events [7] . It was also theoretically proved by Rabelo [8] that there exists an analogue of Tsirelson's bound [9] for Hardy's test of nonlocality, irrespective of the dimension of the system, which was subsequently confirmed in experiment [10] . Recent progress was also made to generalize the Hardy's paradox into a most general framework of n-qubit system [11] . While in the experimental implementation, the photonic polarization, energy-time, orbital angular momentum (OAM) [12] [13] [14] [15] [16] [17] have been employed to test the Hardy's paradox, but only two-dimensional state spaces were considered.
High-dimensional systems (qudits) can provide higher information density coding, improve security in quantum communication, simplify the implementation of quantum logic, and inspire novel quantum imaging techniques [18] [19] [20] [21] [22] . The nonlocal feature of high-dimensional OAM en-tangled state was verified by using the generalized Bell inequalities [23, 24] . Unlike using inequalities, Chen et al. formulated another new logical structure for twoqudit entangled states and showed that the probability of nonlocal events could grow significantly with the dimension d [25] . Very recently, they further generalized the high-dimensional Hardy's proof to a ladder version, i.e., Hardy's paradox for general (k, d) systems, where (k, d) denotes a measuring scenario with k settings and d outcomes (dimensions) [26] . Such a generalization to a highdimensional system is of crucial importance, because it is much closer to the original EPR scenario where the measurements have an arbitrarily large number of outcomes [27] . Besides, it can make the contradiction between quantum mechanics and local variable theory sharper than previous versions [8, 28, 29] . However, these theoretical schemes for both high-dimensional systems [25] and general (k, d) systems [26] have not yet been translated into experimental implementations. Here we exploit the photonic orbital angular momentum (OAM) [30] to demonstrate the general multisetting multidimensional version of Hardy's paradox. In theory, we transform the Hardy's logical proof to an experiment-friendly model. In experiment, we employ two-photon high-dimensional OAM states generated by spontaneous parameter downconversion (SPDC) and demonstrate the paradox for twosetting higher-dimensional OAM subspaces up to d = 7. Our experimental observations reveal that the nonlocal events can increase with the dimension of system, significantly surpassing the bound limited by the original version [8] . Furthermore, we showcase the nonlocality with an experimentally recording probability of 36.77% for five-setting three-dimensional OAM subspace (5, 3) by entanglement concentration, which generalizes the ladder version of Hardy's proof [7] to a truly high-dimensional scenario, showing a sharper contradiction between quantum mechanics and classical theory.
II. THEORETICAL SCHEME
Let us first summarize the generalized Hardy's paradox presented in [25, 26] . Consider a general (k, d) scenario with two observers, Alice and Bob, each of them chooses k set of measurements, on which the measurement outcomes range from 1 to d. And their von Neumann measurements are defined as, A i s A i s and B j t B j t , respectively, where i, j ∈ {1, 2, ..., k} and s, t ∈ {1, 2, ..., d}. In the paradox, it assumes the following zero probabilities:
where P A i < B j = s<t P A i s , B j t denotes the total joint probabilities in all cases that the measurement outcome of A i is strictly smaller than that of B j . Within any local hidden variable theory, following Eqs. (1), (2) and (3), we can straightforwardly obtain an exactly zero probability, namely, P A k < B k = 0. However, with a suitable choice of measurements, quantum mechanics allows a non-zero probability,
As the OAM eigenstates form an orthogonal and complete basis [31] , twisted photons are the ideal candidate to realize a high-dimensional Hilbert space. Here, based on two-photon OAM entanglement generated by SPDC, we can translate the above theoretical strategy into an experimental implementation. In SPDC, highdimensional OAM entangled state can be written as, |Ψ SPDC = ℓ C ℓ |ℓ A |−ℓ B , where C ℓ indicates the probability amplitude of finding one signal photon (A) with ℓ OAM and its partner idler photon (B) with −ℓ OAM [32] . As we aim to explore a larger but finite subspace to formulate the Hardy's proof with OAM, we assume the optimal Hardy states,
in a specific d-dimensional OAM subspace. Thus we need to apply suitable entanglement concentration first to prepare |Ψ Hardy from |Ψ SPDC , and look for all desired measurement bases, A i s A i s and B j t B j t , to compute the optimal Hardy fraction. For mathematical convenience, we can rewrite the state as a diagonal matrix, H = diag(c ℓ1 , c ℓ2 , . . . , c ℓ d ). Our experimental situation is unlike the original proposal in [25, 26] , in which they started from two presetting standard bases for Alice and Bob, then calculated the desired two-photon entangled states, which were represented by upper (or lower) triangular matrices and could not be produced by SPDC. In the OAM space, we define the bases, A i s = d m=1 a i s,m |ℓ m and B j t = d n=1 b j t,n |ℓ n to specify the von Neumann measurements, where A i s A i s ′ = δ ss ′ and B j t B j t ′ = δ tt ′ within the i-th and j-th sets of measurements. In order to achieve the maximal successful probability, we need calculate the optimal weight amplitudes,
T , according to Eqs. (1), (2) and (3). We first consider Eq. (1), i.e., P A 1 < B k = 0 , which means that for all s < t, each P A 1 s , B k t should be exactly zero, i.e., B k t ⊥H T A 1 s , where ⊥ denotes the orthogonality symbol. Meanwhile, because of the mutual orthogonality,
, we can obtain the following orthogonality relations,
Since H is of full rank and A 1 s A 1 s ′ = δ ss ′ , we know that the elements in the right-hand side of Eq. (5a) are linearly independent. Mathematically, B k d can then be uniquely determined by the entries of A 1 . We can further determine B k d−1 based on Eq. (5b) together with the known B k d . Along this line, we can determine all other B k t for t = d − 2, · · ·, 1. Thus the k set of measurements,
for photon B can all be calculated. We proceed to consider Eq. (2) with i = 2, namely, P B 1 < A 1 = 0, from which we can calculate B 1 from A 1 in a similar way. Then, by further consider Eq. (3) with i = 2, namely, P A 2 < B 1 = 0, we can also calculate A 2 from the known B 1 . Along this line based on the ladder derivation of Eqs. (2) and (3), we can uniquely determine all other sets of measurements, A 3 , A 4 , · · ·, A k and B 2 , B 3 , · · ·, B k−1 . In other words, all the sets of the desired OAM measurement states, A i and B j , can be determined finally. Therefore, we can calculate from Eq. (4) the successful probability,
Remember that in Eq. (6), the sets of measurements for Alice, A k s , and those for Bob, B k t , are completely determined by A 1 = { A 1 1 , A 1 2 , . . . , A 1 d }, which corresponds to a SU(d) unitary matrix, A 1 = (a 1 s,m ) d×d , with each element being the weight amplitude of the OAM eigenmodes. Hereafter we denote by P opt the optimal value of Hardy fraction by ranging over all unitary matrices A 1 with a given optimal OAM Hardy state. In our experiment, we demonstrate the Hardy's paradox for the general (k, d) systems with the optimal Hardy states, which are prepared from the original two-photon OAM entangled states and then are manipulated via the Procrustean method of entanglement concentration with two spatial light modulators (SLMs).
III. EXPERIMENTAL SETUP AND RESULTS
Our experimental setup is sketched in Fig. 1 , which has been employed for demonstrating the angular or radial version of EPR paradox [33, 34] , based on the reconfigurable feature of SLMs. A mode-locked 355 nm ultraviolet laser pumps a 3-mm-thick β-barium borate crystal (BBO) and creates 710 nm frequency-degenerate photon pairs collinearly. We use a longpass filter (IF1) behind the crystal to block the pump beam, and then use a non-polarizing beam splitter (BS) to separate the signal and idler photons. In each of down-converted arms, a 4-f telescope consisting of two lenses (f 1 = 100 mm and f 2 = 400 mm) is constructed to image the output facet of BBO crystal onto both SLMs (Hamamatsu, X10486-1). Each SLM is loaded with specially designed holographic gratings both for preparing the desired measurement OAM states and for performing the entanglement concentration. Then another telescope (f 3 = 1000 mm and f 4 = 2 mm) is used to reimage the plane of SLM onto the input facet of single-mode fiber (SMF), which is connected to a single-photon counter (Excelitas, SPCM-AQRH-14-FC). Besides, two bandpass filters (IF2) centered at 710 nm with 10 nm width are placed in front of the SMF to reduce the detection of noise photons. The outputs of both single-photon counters are connected to a coincidence circuit with a time resolution of 25ns.
In our first set of experiment, we restrict our attention to two-setting Hardy's proof for high-dimensional OAM subspace, i.e., in (2, d) scenario with the dimension ranging from d = 2 to 7. We consider the original scheme proposed by Chen et al. [25] . However, their optimal Hardy states are represented by upper triangular matrices, which obviously differ from the diagonal ones generated originally via SPDC [32] . Thus we need apply the Schmidt decomposition [35, 36] to transform the upper triangular matrices into the diagonal ones. Generally, a bipartite pure state |Φ with any fixed orthonormal bases |u and |v for Alice and Bob can be expressed as, |Φ = uv a uv |u |v , where a uv is complex number. We assume its Schmidt decomposition,
v y gv |v are the Schmidt bases for photon A and B, respectively, and λ g is the weight amplitude [35] . As |g A and |g B are two orthonormal bases in their own spaces, our experiment can naturally employ the OAM eigenstates to represent them. After some algebra, we obtain the diagonal matrices in (2, d) scenario, as follows, = diag(0.7975, 0.5316, 0.2853), residing in the subspace spanned by two-photon OAM bases,
In an effort to achieve the maximal probability of nonlocal events, here we need apply the so-called Procrustean method of entanglement concentration [37] to tailor the original state H SPDC (2,3) into the desired optimal one H opt (2, 3) . For this, we (2, 6) , and (f) H opt (2, 7) . The empty bars (blue edges) are the theoretical predictions while the solid bars (green) are experimental results.
choose the local operation to change the weight amplitude of each OAM mode by altering the diffraction efficiencies of the blazed phase gratings [24] . For each weight amplitude of the OAM modes in the original two-photon state, if it is larger than that in the optimal Hardy state, then we decrease the contrast of blazed phase grating to obtain a lower diffraction efficiency for this OAM mode, and therefore the weight amplitudes of each OAM mode between the optimal Hardy states and the experimental one can be equalized. Then, based on the numeric strategy mentioned above with the optimal Hardy states of Eq. (7), we can calculate the desired OAM measurement states, A i s and B j t , all of which are specified and listed in Appendix 1. By loading these OAM superposition states on SLM and record the coincidence counts accordingly, we obtain the experimental observations as shown in Fig. 2 . We can see that the optimal successful probability can reach P opt (2,2) = 8.75 ± 0.29%, P opt (2,3) = 13.31 ± 0.50%, P opt (2,4) = 15.98 ± 0.32%, P opt (2,5) = 19.87 ± 0.50%, P opt (2,6) = 23.24 ± 0.49%, and P opt (2,7) = 24.15 ± 0.65%. One can see that these results show a good agreement with the quantum-mechanical predictions. Besides, our observations from d = 2 to d = 7 confirms that the nonlocal events can significantly increase with the dimension regardless of two-setting configuration only, which obviously surpasses the bound limited by the original version [8] .
In our second set of experiments, we further consider the general multisetting and multidimensional scenario (k, d), where k = 3, 4, 5 and d = 3 in the OAM subspaces.
Here we employ the diagonal matrices to represent the optimal Hardy states rather than that with the upper (or lower) triangle matrices in [26] . For this, we first apply the Schmidt decomposition to obtain the eigenvalues of their upper (or lower) triangle matrices and obtain that, 
H opt (5,3) = diag (0.7366, 0.5025, 0.4526).
Then we look at the original entangled OAM spectrum (inset of Fig. 1 ), and exploit suitable OAM subspaces with entanglement concentration to prepare the optimal OAM Hardy states. After some similar algebra, we can calculate all the desired OAM measure- ments, which are listed in Appendix 2. As shown in Fig. 3 , we experimentally obtain the successful probabilities, P opt (3,3) = 23.85 ± 0.70%, P opt (4,3) = 32.60 ± 0.18%, and P opt (5,3) = 36.77 ± 0.77%, respectively, showing an excellent agreement with the theoretical predictions in [26] .
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When we translate our theoretical findings to a real experiment, it is necessary to take the effect of imperfect measurements into account, as the observed correlation function generally deviates from that assumed in an ideal situation. Thus the derivation of a Bell-type inequality is practically desirable. In analogy to Refs. [7, 15] and in light of Eqs. (1)-(4), we introduce the Clauser-Horne inequality [38] , (9) which is established in any local realistic theories. However, in quantum mechanics, all other probabilities can be zero except for the first terms, and therefore resulting in a violation of the inequality. For comparison, we present in Table 1 the measured S values in (k, 3) scenario for both the original states H SPDC (k,3) and the optimal states H opt (k,3) . Our experimental results can violate the inequality by 58 standard deviations, thus confirming the contextual behavior of quantum mechanics.
IV. CONCLUSIONS
In summary, we have presented the first experiment to demonstrate the Hardy's paradox for multisetting and multidimensional systems by exploiting two-photon entangled OAM states. The experimental results in (2, d) scenario with the dimension up to d = 7 revealed that the nonlocal events could increase with the dimension, significantly surpassing the analogue of Tsirelsons bound in the original version. Besides, we have achieved a maximum successful probability up to 36.77% for (k, 3) scenario with the ladder up to k = 5. Our experiment demonstrates evidently that both the multisetting and multidimensional features of the used quantum systems can yield a much sharper contradiction between quantum mechanics and classical theories. For some quantum communication tasks, our scheme of tailoring high-dimensional OAM entangled states may offer some other advantages, for example, non-classical correlations can be made more robust to the presence of noise and other deleterious environmental effects [21, 39] .
1. The desired OAM measurement states for (2, d) with the dimension ranging from d = 2 to 7.
In our actual experiment, we choose the OAM modes ℓ 1 = 0, ℓ 2 = +1 for two-dimensional optimal state H opt (2,2) ; ℓ 1 = 0, ℓ 2 = +1, ℓ 3 = +2 for three-dimensional optimal state H opt (2, 3) ; ℓ 1 = 0, ℓ 2 = +1, ℓ 3 = +2, ℓ 4 = −2 for four-dimensional optimal state H opt (2, 4) ; ℓ 1 = 0, ℓ 2 = +1, ℓ 3 = −1, ℓ 4 = +2, ℓ 5 = −2 for five-dimensional optimal state H opt (2, 5) ; ℓ 1 = 0, ℓ 2 = +1, ℓ 3 = +2, ℓ 4 = −2, ℓ 5 = +3, ℓ 6 = −3 for six-dimensional optimal state H opt (2, 6) and ℓ 1 = 0, ℓ 2 = +1, ℓ 3 = −1, ℓ 4 = +2, ℓ 5 = −2, ℓ 6 = +3, ℓ 7 = −3 for seven-dimensional optimal state H opt (2, 7) . The desired OAM measurement states, A i s and B j t , in (2, 2) scenario are: The desired OAM measurement states, A i s and B j t , in (2, 4) scenario are: in (2, 5) scenario are: in (2, 6) scenario are: 
The desired OAM measurement states, A i s and B j t , in (2, 7) scenario are:
2. The desired OAM measurement states for (k, 3) scenario with k = 3, 4, 5
In second experiment, we choose the OAM modes ℓ 1 = 0, ℓ 2 = +1, ℓ 3 = +2 for optimal states H opt (3, 3) and H opt (4,3) ; ℓ 1 = 0, ℓ 2 = +1, ℓ 3 = −1 for optimal states H opt (5, 3) . The desired OAM measurement states, A i s and B j t , in (3, 3) scenario are: 
